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We describe a method for measuring the complex impedance of transition-edge-6EaSpr
calorimeters. Using this technique, we measured the impedance of a Mo/Au superconducting
transition-edge-sensor calorimeter. The impedance data are in good agreement with our linear
calorimeter model. From these measurements, we obtained measurements of unprecedented
accuracy of the heat capacity and the gradient of resistance with respect to temperature and current
of a TES calorimeter throughout the phase transition. The measurements probe the internal state of
the superconductor in the phase transition and are useful for characterizing the calorimeter.
© 2004 American Institute of Physic§DOI: 10.1063/1.1711144

I. INTRODUCTION shortens the fall time of the pul$ekand keeps the tempera-
ture of the TES neaf..

We are developing superconducting transition-edge sen- We present a linear model of our TES calorimeter, which
sor (TES) calorimeters for x-ray astronomtyEach of our describes the noise and the response to photons. We fit this
transition edge sensors is a square Mo/Au bilayer film, withcalorimeter model to the impedance data to find the heat
a resistance of approximately 1dThrough the proximity ~ capacity of the calorimeter, the logarithmic derivatives of the
effect, the Mo and the Au act as one superconductor, with théd ES resistance with respect to temperature and current, and
critical temperaturdl . determined by the thicknesses of the the inductance in the circuit which biases the TES. We mea-
layers?> We design our TES to have critical temperature ofsure the impedance by recording the response of the calorim-
approximately 100 mK. The TES is suspended by a silicorBter o noise that we add to the bias of the TES. We find that
nitride membrane to thermally decouple it from the silicon©Ur linéar model accurately represents the impedance data.
substrate on which the devices are fabricaténlthe phase Our TES impedance data yield precise measurements of
transition between the superconducting and normal metdN® N€at capacity and the gradient of the resistance with re-
states, the electrical resistance of the TES increases rapid eqt to current an_d_ temperature throughout the supercon-
with increasing temperature. The TES functions as a ver uct|_ng pha§e transition. These meas_urements are useful for

" . . robing the internal state of the TES in the transition.
sensitive thermometer in the x-ray calorimeter. It measure
small changes in temperature caused by the absorption of
single x-ray photons. Our TES calorimeters have demonH. MODELING
strated excellent energy resolutidts2.4 eV at 1.5 keV and

3.7 eV at 3.3 keV. . . . . )
. . alorimeter to signal and noise. This model includes the two
In operation, the temperature of the substrate is cooled. . - P : LT
circuits illustrated in Fig. 1. The electrical circuit includes

below T, and a dc voltage bias is applied to the TES. Thethe Thevenin equivalent bias voltalyey,, the electrical cur-

electrical cgrrent through th.e TES is measurgd by a dc SUant lres, the TES resistanc®, the Thevenin equivalent
perconduction  quantum interference  deviceSQUID) resistanceRy,, and inductancé.. The Thevenin equivalent

array."" Negative electrothermal feedback in the calorimeterqgisiance represents the combined contributions of all the
resistors of the physical bias circuit in Fig. 2. The thermal
3Electronic mail: Mark.A.Lindeman.1@gsfc.nasa.gov circuit includes the heat capaciy of the TES calorimeter,

Our TES calorimeter model describes the response of the
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Electrical Thermal Johnson noise plus excess electronic noise in the) T&®l
Circuit Circuit the bias nois&/gy. The two circuits with noise included are
i P described by the following differential equations:
T | es xl
I ; dITES_
| TES C L=t =V (lresRmt lresR+ Vin+ Ven+ Ven),
T
R“‘% " cdTres_2 R—Pc+ Pyt lqeeVn+ P (1)
i =lesh—FeTFxT ltesVINT Pen-
TES RO P G [Noise dt
Tbam Note that theV;y noise term appears in both differential
equations. In our TES calorimeters, the effect of the Johnson

Noise noise and excess TES noise on the current is significantly
reduced at frequencies within the bandwidth of the calorim-
FIG. 1. The TES calorimeter model. The model consists of an electricaeter because the two terms containiigy partially cancel
circuit and a thermal circuit, which together model the dynamics of a simpleg,t 8:10.11

TES calorimeter. Noise sources in the electrical circuit are represented by a : . . . . .
fluctuating voltage in series with the TES. Noise sources in the thermal By making the small signal approximation by linearizing

circuit are represented by a fluctuating power between the TES and the batk:dS- (1) around equilibrium and retaining terms that are first
order with respect to the variables, which include current,

the heat flow poweP from the calorimeter to the substrate, (€mperature, powePy, and the noise sources, the linear

the power into the TES from absorption of radiatieg, the =~ model can be written as

effective temperaturé@gg of the TES, and the temperature

of the substratel,,,. Note that the resistance of the TES _ RmtRotlo(dRId) lo R
depends on both the currehtes and temperatur@gg. In d/l L L aT I
addition, there are sources of noise: phonon néisg be- a(T) - 1R o IR 1530R G (T)
tween the TES and the substrate, Johnson noise of the elec- < R_o ﬁ) cCaT C
tronics Vgy, the TES electronic noisEty (which includes
= (Vint VEN+VBN)/L) )
white noise (loVn+ Pent P/ C /7
generator wherel,y, Ty, areRy are the equilibrium current, tempera-
[ ture and resistancé:> We let | =Itgs—log and T=Tres
low pass filter —T,. The thermal conductance across the membrar@ is
dc bias at8 khz =JP./JT. First-order terms containingC/dT and 9C/Jl
dc SQUID do not appear in Eq2) because they cancel out.
20 kQ fa|rra?l |nk g The pulse shape can be calculated from the eigenvalues
Vin 700 O /Iolg(poc evm and eigenvectors of the matrix in E@). If the inductance-

is too large, the TES calorimeter may be under damped or
unstable, which occurs when the eigenvalues are

1.4 kQ ot

non-negative"
In this linear approximation, the TES resistance is ap-

T 4 proximated by

TES
R=Rg(1+ a;T/Ty+ B4l/1y), ©)
X 1000 gain & 700 Q [ 5600 gain & where a,;=(Ty/Ry)(dR/dT) with | held constant angs,
low pass filter T low pass filter =(lo/Rg)(dR/ 1) with T held constant! This expression of
at 3 kHz at3kHz the TES resistance is obtained by collecting the terms in Eq.
| | (2) that represent the resistance of the TES in the electrical
| digital oscilloscope I circuit. The value ofe, greatly affects the energy resolution
of the calorimeter and the decay time of the pufé¥s:3The
value of 8, modifies the impedance of the calorimeter at high

frequencies(Note the termsy, and 8, have been previously
FIG. 2. The electronic setup for the impedance measurements. The digitieferred to asa and g in other publications. However we
scope is used to measure the voltage noise put into the bias and the resultimgclude the subscripts i, and 8, to distinguish these terms
_Cutfr']e”tt)lno'se I?ea;/th? THW'thtfsomleta’tT;]p"f'C"I"tt'O“ a”qsgte”f)gT:‘he ”TOI'ESSG from similar terms with different partial derivatives. The sub-
in the bias voltagd/;, is proportional to the voltage nois&sy near the TES. P : I
The flux-locked dc SQUID feedback voltagé- is proportional to the script I_ refers to the fact that the partial derivatives are
current! through the TES. The impedance is computed from the Fouriel@ken with respect to curremtand temperature, not voltage

transforms ofVgy andl. and temperaturg.
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Il. DERIVATION OF CALORIMETER RESPONSE | — (Vn+ Ven+ Van)/L
AND COMPLEX IMPEDANCE M(T) =( (IVy+ Port P)IC | (4)
We take the Fourier transform of E@2) to find the
response of the TES calorimeter to signal and noise as a
function of frequencyf: where the matrix in Eq4) is
|
_ Rrp+ Ro+1o(dR/AN) lo IR
M= . 5
1oRo - I aR) - 120R G ©
C Ro 4l et -lcam ¢
|
The solution of Eq(4) is IV. EXPERIMENT
| (Ve Vi Van) /L In this experiment, we characterized a 6@ square
_ -1 EN BN . . )
(T =M (IgVrn -+ Pont Po)/C | (6) Mo/Au TES which was suspended on QuBn thick mem

brane of silicon nitride. The bilayer consisted of 50 nm of

The current, temperature, and noise terms are all functions {0 and 270 nm of Au(Critical temperaturel ;= 98.5 mK.
frequencyf. Equation(6) describes the frequency dependentNormal state resistand@y=9.1 m(2.) In preparation for the
response of the microcalorimeter to signal and noise. Thénpedance measurements, we measured a series of current-
noise equivalent powgNEP) of each of the noise sources is Voltage (—V) characteristics of the TES to obtain values for
calculated by referring the noise to an equivalent noise in théhe parametersG, I, Ry, and Ry, in the calorimeter
power Py . The noise limited energy resolutidor baseline model>*! From these measurements, we found the thermal
energy resolutionof the calorimeter is calculated from the coupling of the calorimeter through the membrane to the
NEPZX This method of modeling and solving for signal and Substrate G=344 pW/K). We performed the impedance
noise in calorimetergreferred to as the matrix methpis ~ Measurements with the refrigerat@nd substrateregulated
easily extended to more complicated calorimeters and® Tba=91.7 mK. Current-voltage characteristics were
bolometerg! 14 measured at that temperature to obtain the TES culient
We measure the total impedance in the electrical circuitNd resistanc®, as a function of dc bias voltage.
by putting white noise into the bias. We measure the bias The TES bias circuit in the refrigerator is depicted in
noiseVgy and the current through the TES. We neglect the Fig. 2. The Thevenin equivalent voltagér, is Vi,/(1.21
noise sources except fofzy, and solve Eq(6) for the im- < 10°). The Thevenin resistand®, is 1.45 nf, which in-

pedanceZ=Vpgy/I. The solution is cludes the 1.15 f shunt resistor in our bias circuit plus
0.30 M of parasitic resistance in series with the TES. The
Z=i(27f )L+ Rp+ Z1es, (7) resistance of the shunt resistor was calibrated through a mea-

surement of its Johnson noise.
To perform an impedance measurement, we applied a dc
248 12 voltage bias plus approximately 14V/Hz? noise to the
Bi 1oRo - : - -
(14 B)+ —— —= a Tet bias atV,,, which corresponds to a bias noise Wgy
2 CT =20 pV/HZ"? near the calorimeter. Noise from the white
1+i(2mf ) rog noise generator was onv—pass filtered at 8 kH_z to minimize
(— + m) (8)  the fluctuation in the bias of the TES. The bias noise was
eff larger than other sources of noise at frequencies up to 8 kHz.
and (For example, the TES noisés several hundred fV/HZ)
We used a digital oscilloscope to sample the bias ndige
12R, G\t and the TES current. We acquired 400 sweeps of 8192
Teft= (C_Toa'_ E) 9 samples each of the bias and signal for each impedance mea-
surement. The sample rate was 10000 samples per second.
The impedanceZgg traces a semicircle in the complex Low pass filtergat 3 kH2 were used to antialias the bias and
plane!®We fit the model impedancéto measured imped- the current signals. We performed an impedance measure-
ance data to obtain values af, B,, C, andL. ment of the TES at each of the bias points plotted on the IV
When we measure the impedance, we apply bias noiseurve of Fig. 3.
Vgy large enough so that it dominates over other noise
sources such as phonon noise and electronic noise. The othérDATA ANALYSIS
noise sources cause scatter in the measurement of the imped- We begin data reduction by filtering out sweeps in which
anceZ. a pulse is detected in the current of the TES. This is neces-

where

Zre(f)=Ro
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FIG. 3. Anl—V curve of the Mo/Au TES and bias points of the impedance FIG. 4. Measured impedang The small cross around each of the points
measurements. The bias points are in steps of approximately 5% of theepresents thedlerror bars. Each trajectory is a measurement of the TES
normal resistance of the TES. The voltage is applied to the TES plus 308npedanceZres plus inductancé. and resistanc®q, in series. The imped-
Q) of parasitic resistance in series. The substrate temperature is 91.7 mi@nce is plotted for frequencies between 11 Hz and 3 kHz. When the TES in
the phase transition, its impedance is represented by a semicircle in the
complex plane. When the TES is in the normal state or the superconducting
sary because an X-ray source was positioned near the TES ﬁ]’;lte, the impedance is a strait line with[Ej=2#fL. Data at frequencies
. . .. with significant radio-frequency interference are excluded.
other experiments. We Fourier transform the remaining data
to obtain the bias voltage and TES current as a function of
frequency. The impedance is obtained from the followingProximately equal td';. Four parametersy, , 8, C, andL,
weighted average: are the free parameters in the fit of the model to the imped-
ance data.
* H *
RE Xy J+i Im[Zx]yj]
2 )

Z(f)= (10

VI. RESULTS

where x;(f) and y;(f) are, respectively, thgth Fourier Figure 5 illustrates a fit of the linear model to an imped-

transformed measurements of the TES curteand the bias ance measurement. The linear model fits the impedance data
noiseVgy . The weighted average gives a more precise resqueII—especially consizdering hpw small are the statistical er-
than simply measurinyy,/I. The standard deviation mea- ror k_)ars. The reducegt” of the fit ranges_fror_n 1.1to 1.9 for
surements of the real and imaginary part<Zare the impedance measurements plotted in Fig. 4. The greatest
difference between the model and data occurs at frequencies

S (R x 1202+ 1 92,2 less than 100 Hz. This discrepancy is most likely caused by
- V2 (Re(x o + Im[x; o) (11)  small x-ray pulses, which are not detected or filtered out by

ORe EJ-|X]-|2
and ro- p=0 p=0.852
V3 (RE X TP+ Imix; 202) ]
O|m= ] 2 5 S , (12 00
m EJ|X]|
-0.5
where o4(f) is the measured standard deviation of (e 6}‘ 10
—Zx)] and o,(f) is the measured standard deviation of §,
Im[(y;—Zx)]. The standard deviations; and o, represent NI 159
noise from the TES and bias circuit as referred to voltage = 204 ,
V1. The standard deviation of the real part sfshould £ 5] red. y"=12
equal the standard deviation of the imaginary part because ‘
the phase of the noise is random. 3.0+
After the data processing software obtains the imped- 35 e — ————
anceZ from Eq.(10) and the statistical error bafassociated 2 A 0 1 2 3 4 5 6
with the noisé¢ from Egs.(11) and(12), the software rejects Re[Z] (mQ)

data at frequencies where significant electrical pick up is
detected. The remaining data between 11 Hz and 3 kHz arfdG. 5. An example of a model fit to the impedance data and the same
plotted in Fig. 4 model with 8,=0. We fit the linear model to the impedance data with four

. . L. free parametersz,, B,, C, andL. The model withoutB, cannot fit the
In the final step of the data reduction, K@) is fitted t0  jmpedance data because the impedance of the TES at high frequency
the impedance data. The temperatligeof the TES is ap-  strongly depends op, .
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FIG. 6. Impedance measurementsagfvs TES resistancéThe TES resis-  FIG. 7. Impedance measurements &fvs TES resistance. Vertical error
tance is plotted as a percentage of the normal state resistance of the TE®ars represent theolstatistical errors due to noise. Systematic errors are
Vertical error bars represent the statistical errors due to noise. Systematic estimated to be+/—0.01.

errors are estimated to be/—3%.

R(I,T) and the phase transition with additional impedance

the data software. However, the effect of small pulses on thE'easurements, taken with different bath temperatures.
values of the fitted parameters is relatively small compared
to other sources of systematic error.

We obtained precise values ef, B,, C, andL from the VIl DISCUSSION
impedance measurements. The systematic errors in the mea- The heat capacity profile in Fig. 8 is informative with
sured values of these parameters are much larger than statiegard to the internal state of the TES in the phase transition.
tical errors, which are caused by noise in the TES and elecfFhese data indicate that in the middle of the phase transition
tronics. Systematic errors arise from inaccurate measuremetiie TES is not mostly superconductirifipr which for we
of the model parameter§, |14, Ry, R, To, and from in-  would expect to measure the BCS heat capacityr is the
complete filtering of small pulses. The dominant source ofTES mostly in the normal stat@vhich would result in the
error is caused by inaccurate measuremeiRgodue to ther-  TES having a heat capacity similar to normal state heat ca-
mal drift during the 3 h ittook to perform the impedance pacity). Instead, the heat capacity of our Mo/Au TES gradu-
measurements. This drift causes the power dissipated by ttedly increased from the normal state heat capacity toward the
TES to change by tens of femtowatts. In response, the resi8CS heat capacity with decreasing TES resistance. The hy-
tanceR, of the TES is estimated to drift up to 1 or 1.5%,
depending on bias. This drift is estimated to cause an error in
the measured heat capaci@yup to approximately 4 to 6%, 281 BCS heat capacity
depending on bias. However, repeat measurements of the 291 =
TES heat capacity at the same bi@eparated by several 241

hours agree to within approximately 1%, indicating that this & zz: .
error may actually be less than we estimated. S, L.

The measured values of,, B,, andC are plotted as a A= 18] Ttoe L R
function of TES resistance in Figs. 6, 7, and 8. Note that the £ 14.] Tt

acl

12 Normal heat capacity
1.0
08
06

measured heat capacity of the TES is between the calculated

normal-metal heat capacity of the TES and the calculated

BCS capacity, as expected. We obtained a value of the in-

ductance (=260 nH) that is consistent with previous mea- 04

surements of stray inductance in the bias circuit. 02.]
We obtained precise measurements of TES resistRnce Y

from the 1 -V curves, and its partial derivativesgR/dT) 0 10 20 30 40 S50 60 70 80 90 100

and @R/Jl), from the impedance measurements. Using this resistance (% R/RN)

data, we plot the trajectory d®(l,T) corresponding to the

|-V curve of Fig. 3. TheR(l,T) data is shown in Fig. 9. By

using the partial derivatives, we extrapolate the contours ofiG. 8. Impedance measurements of heat capacity vs TES resistance. Ver-

resistancer in the neighborhood of the trajectory. This data tical error bar_s represent ther btatistical errors due to n_oise. _Systematic

is plotted in Fig. 10. These plots illustrate how the resistancé&'ers are estimated to be 4 to 6% depending on the bias point. The mea-

: ) sSured heat capacity lies between the calculated normal state heat capacity
of our Mo/Au TES depends on both temperature and currentng the BCS heat capacity as expected. This heat capacity profile provides
Note that we could more completely characterize the surfac@formation about the internal state of the TES in the phase transition.

heat cap
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FIG. 9. TES resistance vs current and temperature. This data corresponds to
the bias points plotted in Fig. 3.
FIG. 11. Heat capacity measurements of a 508 square Mo/Au TES
obtained through fitting the linear model to current pulses from the absorp-
potheSIS that the TES |S Separatlng Into normal metal anaon of Al Ka x rays. These data agree with impedance measurements of the

superconducting domains is consistent with this data. heat capacity: They show that heat capacity increases from the calculated

. normal state heat capacity to BCS heat capacity as the TES resistance is
The measured values af;, B,, and C are in good decreased by lowering the bias voltage.

agreement with previous measurements of these parameters

of our TESs, which we obtained through other methods such . L

as fitting the model to puls&s—but the impedance method mpedance measurement, the bias n.o'%e". is kept rela-

is more precise. The heat capacity of a 500 micron squar vely sma[l to.m|n|m|.ze the perturpanons n the TES. The

Mo/Au TES (with T.=104 mK, Ry=9.8 mQ2) is plotted in ES remains in the linear small S|gn§1I regime, and the re-

Fig. 11. These data were obtained by fitting E).to pulses sponse can be accurately modeled V.V'th &, .

resulting from the absorption of Al & x rays in the TES. I—!owever, pglses QUe the absorption ofx rays in our TES

The pulse data also shows that the heat capacity increasg%‘b”meters typically involve 'afger excursions of reS|stap ce,

from the calculated normal state heat capacity to the BC mperat_ure, and current. In th'.s case, n_onlmear behavior of

heat capacity. e calorlmetgr can affect the fit of the linear model to the
The impedance data are less susceptible to errors due Péjlses, resulting in scatter in the measurements of the heat

. L . . ityC as in Fig. 11.
nonlinearities in the transition than pulse data are. Durin thgapam .
P g The dependence of the TES resistance on current must

be included in the model to fit the impedance data. In Fig. 5,
we plot the best fit of the model to dataith 8,=0.852),
and the same model wit, =0. In a model with no current
dependence, such as that presented by M&thei982, the
high frequency impedancg(«) equals the TES resistance
Ry. Such a model withouB, cannot fit the TES impedance
data because the high frequency impedance of the TES is
larger than the resistance of the TES. The high frequency
impedance of a calorimeter with a current dependent resis-
tance isZ(») =Ry(1+ B,). Models in which the current de-
pendence of the resistance is includedich as those by
Mather™® in 1984 and Lindemat in 2000 fit the data well.

current (pA)
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